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The purpose of this study is to characterize students’ conceptions of span and linear 

(in)dependence and to utilize mathematical activities to provide insight into these conceptions. 

The data under consideration are portions of individual interviews with linear algebra students. 

Grounded analysis revealed a wide range of student conceptions of span and linear 

(in)dependence. The authors organized these conceptions into four categories: travel, geometric, 

vector algebraic, and matrix algebraic. To further illuminate participants’ conceptions of span 

and linear (in)dependence, the authors developed a framework to classify the participants’ 

engagement into five types of mathematical activity: defining, proving, relating, example 

generating, and problem solving. This framework proves useful in providing finer-grained 

analyses of students’ conceptions and the potential value and/or limitations of such conceptions 

in certain contexts. 
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The purpose of the study is to investigate student thinking about the important ideas of span 

and linear independence in linear algebra and to contribute to the body of knowledge regarding 

how individuals understand undergraduate mathematics. In particular, our research goals are: 

1. To classify students’ conceptions of span and linear (in)dependence. 

2. To investigate how students use these conceptions to reason about relationships between 

span and linear (in)dependence. 

The present study focused on interview data that elicited student reasoning about span and 

linear (in)dependence. We oriented our analysis through a grounded theory approach (Glaser & 

Strauss, 1967) in order to identify student conceptions of span and linear (in)dependence. We 

noticed that in coding students’ conceptions, for which we made use of Tall and Vinner’s (1981) 

construct of concept image, our analysis was facilitated by noting the type of mathematical 

activity in which the students were engaged as they were sharing their ways of reasoning. In 

other words, the interview question to which a student was responding had the potential of 

eliciting different aspects of the student’s concept images. This is consistent with Vinner’s 

(1991) notion of evoked concept image. For example, students’ reasons why a claim was true or 

false revealed ways of thinking about the associated concepts differently than did their response 

to “how do you personally think about this concept?” As such, we identified within the data set 

five mathematical activities in which students engaged during the interviews: defining, proving, 

relating, example generating, and problem solving. We use these activities as a means through 

which to extend and further clarify the broader concept image framework. Thus, within this 

study we show how these mathematical activities can be used as a lens to further refine 

characterizations of students’ concept images of span and linear (in)dependence.  

Given this framework, our refined research objectives are (a) to investigate students’ concept 

images of span, linear (in)dependence, and relationships between the two concepts and (b) to 

utilize the mathematical activities of defining, proving, relating, example generating, and 



problem solving, to provide insight into these concept images. Our results section details the four 

concept image categories that grew out of our data: travel, geometric, vector algebraic, and 

matrix algebraic. We also define the five mathematical activities and provide examples of how 

coordination of the frameworks informed analysis of student thinking.  

 

Literature Review  

There exists a growing body of research regarding multiple modes of description or 

reasoning within linear algebra. Two of the most cited are those by Hillel (2000) and Sierpinska 

(2000). Hillel suggested three possible modes of description for vectors and vector operations, 

namely geometric, algebraic, and abstract. The abstract mode utilizes language of generalized 

theory, including terms such as dimension, span, linear combination, and subspace. The 

algebraic mode uses concepts more particular to the vector space 
n
, such as matrix, rank, and 

systems of linear equations. Finally, the geometric mode uses language that is familiar from our 

lived experiences, such as point, line, plane, and geometric transformation (p. 192). Hillel details 

difficulties students have within a given mode (such as confusion potentially caused by 

describing vectors as both arrows and points, both a geometric description of vectors), as well as 

difficulties moving between modes (such as how the difficulty in change of basis problems 

within 
n
 may relate to switching between algebraic and abstract modes). Attributing them to the 

historical development of linear algebra, Sierpinska (2000) suggests three modes of thinking in 

linear algebra: synthetic-geometric, analytic-algebraic, and analytic-structural. The first mode 

focuses on spatial reasoning, the second on algebraic manipulation and representation, and the 

third on formal, theorem-based and axiomatic thinking.  

In other research in linear algebra, Stewart (2009) and Stewart and Thomas (2010) 

coordinated APOS Theory (Dubinsky & McDonald, 2001) with Tall’s (2004) Three Worlds of 

Mathematics to characterize the various possibilities for student understanding of linear 

independence, span, and basis according to the authors’ genetic decomposition of the concepts. 

That is, the authors described possible conceptions along each level of the APOS framework—

action, process, and object—and within the three worlds of mathematics—Embodied, Symbolic, 

and Formal. They classified and analyzed students’ responses (from two different classes) using 

to this framework. The authors found that students in the more traditional course relied heavily 

on matrix manipulation (classified as a process-symbolic matrix conception at best) with little 

connection being drawn between the matrix manipulation and the associated concepts. Also, the 

participants in the study seemed to have limited understanding of the concept of linear 

combination, upon which the concepts of span and linear (in)dependence (and hence basis) rest. 

The authors recommended instruction that focuses on geometrically grounded development of 

the concepts (specifically linear combination), cautioned against too much reliance on the 

embodied aspects of linear algebra, and suggested that an appropriate balance would develop the 

concepts from a more geometric approach and relate these concepts at a more formal level. 

This literature has informed and shaped the research we present in this paper. We drew 

inspiration with respect to the various modes of description that are possible within linear algebra 

as an aspect of student reasoning to be sensitive to within our analysis. While these studies 

expand our knowledge of student conceptions of span and linear (in)dependence, the current 

study differs in that our analysis of student conceptions are grounded with no a priori 

categorizations. As such, we also draw from the notion of concept image (Tall & Vinner, 1991), 

which has been utilized and adopted as an analytical framework to characterize students’ 

conceptions of ideas within linear algebra. This approach allows categorizations to surface from 



the data through grounded theory, rather than through a priori classifications. For example, 

Zandieh, Ellis, and Rasmussen (2012) investigated students’ conceptions of function and linear 

transformation and discovered five concept image categories for linear transformation within 

their data, such as morphing (an input morphs into an output) or machine (a transformation acts 

on an input to produce an output). Wawro, Sweeney, and Rabin (2011) document concept image 

categories for students’ conceptions of subspace within linear algebra, namely part of whole, 

geometric object, and algebraic object. Although these categories were grounded in data, there 

exist points of compatibility with Hillel’s and Sierpinska’s groupings.  

 

Setting and Participants 

The data for this study come from a semester-long classroom teaching experiment (Cobb, 

2000) conducted in an introductory linear algebra course at a large public university. Classroom 

instruction was guided by the instructional design theory of Realistic Mathematics Education 

(RME) (Freudenthal, 1991), with the goal of creating a linear algebra course that built on student 

concepts and reasoning as the starting point from which more complex and formal reasoning 

developed. The class engaged in various RME-inspired instructional sequences focused on 

developing a deep understanding of key concepts such as span and linear independence (Wawro, 

Rasmussen, Zandieh, Sweeney, & Larson, 2012), linear transformations (Wawro, Larson, 

Zandieh, & Rasmussen, 2012), Eigen theory, and change of basis.   

The five students analyzed in this research - Abraham (a junior statistics major), Giovanni (a 

senior business major), Justin (a sophomore mathematics major), Aziz (a junior chemical physics 

major), and Kaemon (a senior computer engineering major) - participated in semi-structured 

individual interviews (Bernard, 1988) the week after final exams. Each interview lasted 

approximately ninety minutes. The purpose of the interview was to investigate how students 

reasoned about the concept statements that comprise the Invertible Matrix Theorem; the entirety 

of the interview protocol can be found in Wawro (2011). The current study considered only a 

portion of this data: students’ conceptions of span, linear (in)dependence, and how they relate to 

each other. The interview questions analyzed in this study are given in Figure 1. Video 

recordings and transcripts of the interviews served as primary data sources, with all written work 

serving a secondary role.  

 

Methods 

Videos and transcriptions of the participants’ responses to Questions 1a and 1b were 

iteratively analyzed. In the first analysis, the researchers focused on the logical progression of the 

participants’ argumentation and what mathematical objects the participants attributed as ‘acting’ 

in different parts of their discussion (i.e., “the matrix spans 
3
” or “the vector moves in this 

direction”). A summarizing process that described the participants’ general progression followed 

this analysis. A second analysis parsed out students’ conceptions of linear (in)dependence and 

span, and we oriented our analysis through a grounded theory approach (Glaser & Strauss, 1967). 

We also separated general discussion of a concept from instances in which the interviewer 

directly asked the student to define the given concept. Quotes were drawn from the transcript and 

grouped by which concept the student was arguing with or describing. It was in this iteration of 

analysis that distinctions between types of activity became clear and led to the formation of the 

five categories of activity. In the next iteration of analysis, the researchers categorized student 

quotes according to these five activities and separated the quotes according to span, linear 

independence, or linear dependence. These quote collections were then compared for categorical 



similarities and differences. At every stage of this process, the two researchers continually 

questioned and challenged each other’s decisions, such as motivation for choice of categorization 

or interpretation of a student’s quote (Denzin, 1978). 

 
“Suppose you have a 3 x 3 matrix A, and you know that the columns of A span 

3
. Decide if the following 

statements are true or false, and explain your answer:”  

Question 1a 

The column vectors of A are linearly dependent. 

 Follow-ups. Skip if redundant: 

o “How do you think about span?” 

o “How do you think about what it means for vectors to be linearly dependent? 

o  “How does linear dependence relate to span of a set of vectors? 

Question 1b 

The row-reduced echelon form of A has three pivots.  

Follow-ups. Skip if redundant: 

o “How do you think about what a pivot is? 

o “How do pivots of a matrix relate to span of a set of vectors?” 

 Figure 1. Interview questions analyzed for this study. 

 

Results 

The participants in this study used a variety of language to describe their understanding of 

span, linear (in)dependence, and how the two concepts relate to each other. We organized this 

variety into four concept image categories: travel, geometric, vector algebraic, and matrix 

algebraic (see Table 1). We also identified five mathematical activities in which students 

engaged during the interview: defining, proving, relating, example generating, and problem 

solving (Table 2). Within this section, we first detail the concept image category framework and 

the mathematical activity framework. We then illustrate the dual coding with an example from 

Justin’s interview. The remainder of the section illustrates how the dual framework lends insight 

and nuance to characterizations of students’ ways of reasoning about span and linear 

(in)dependence. 

 

Table 1. Summary of the concept image framework for span and linear (in)dependence. 
Category Description 

Travel  

 

• Language indicative of purposeful movement 

• Captures notions of “getting to” or “moving to” locations in the vector space 

Geometric 

 

• Language indicative of spatial reasoning or graphical representations without use 

of travel-oriented language 

• Included sketches of vectors and/or discussion of objects such as lines and planes  

Vector 

Algebraic 

 

• Participants use operations on algebraic representations of vectors to describe 

concept 

• Includes linear combination of vectors written as n x 1 matrices or designated by 

variables (i.e., 2v + 3w) 

Matrix 

Algebraic 

 

• Involves explicit attention to the form or properties of a matrix (e.g., size, actual 

values, pivots) 

• Participants focus on operations on matrices (e.g., Gaussian elimination) 

 

Categories of student conceptions 

The travel category captures students’ description of span and linear (in)dependence in terms 

indicative of purposeful movement. While this category is consistent with spatial and geometric 



reasoning, it is more specific in that it captures notions of “getting to” or “moving to” locations 

in the vector space under consideration. The participants’ travel conceptions of span were 

indicated by phrases such as “everywhere you can get” (stated by Justin when describing the 

span of a set of vectors) or “the vectors can take you anywhere [in 
3
]” (stated by Giovanni 

when describing what it means for vectors to span 
3
). With respect to linear independence, 

participants’ travel conceptions included phrases such as “[the vectors] only move farther away” 

(Justin). A travel conception of linear dependence was generally indicated by phrases such as 

“then that would make that linearly dependent because I can, I can kind of get there and take that 

vector back” (Abraham), and “you can move one way on one vector, second way, and then take 

the third one back to the origin.” (Aziz). These were often given as the inverse of phrases used to 

describe sets of linearly independent vectors.  

The geometric category is used to capture language indicative of spatial reasoning or 

graphical representations without use of travel-oriented language. This includes student 

explanations in which vectors are represented graphically on 2- or 3-dimensional axes, or when 

explanations include sketches or mention of objects such as lines, planes, or areas. For instance, 

when asked to discuss the span of three linearly dependent vectors he had given as an example, 

Kaemon stated, “So since it's, like you're on this one line, you can't really get all the 

combinations that are in these quadrants.” When asked how he thinks about what span means, 

Aziz replied, “Span is just the area that it covers. It could be a plane in 
3
, it could be a line in 


3
.” Most examples of the geometric category with respect to linear dependence consisted of 

students showing either two collinear vectors or three vectors placed head to tail to form a 

triangle with one vertex at the origin. For instance, Abraham constructed an example of three 

vectors in 
2
 and an associated sketch (see Figure 2) to explain geometrically why the three 

vectors are linearly dependent.  
   

 
 

Figure 2. Abraham’s geometric explanation of three linearly dependent vectors.  

 

The vector algebraic category captures participants’ use of operations on algebraic 

representations of vectors to describe span and linear (in)dependence. This includes scalar 

multiplication, vector addition, and linear combination of vectors written as n x 1 matrices, 

vectors designated by variables (i.e., 2v + 3w), as well as the use of the equation Ax = b. Vector 

algebraic conceptions of span included “every vector you can make with linear combinations of 

the columns” (Justin) and “in order to span 
3
, vectors have to be different” (Giovanni). Vector 

algebraic conceptions of linear independence consisted of some form of the notion that only the 

trivial linear combination of linearly independent vectors would equal the zero vector. An 

example of a student description of linear dependence that we coded as vector algebraic is, “But 

if it's linearly dependent, then there wouldn't be enough vectors because at least two of them are 

going to be maybe multiples of each other or just the zero vector” (Kaemon). Here, Kaemon 

attends to the quality of vectors being multiples of one another (as opposed to, say, vectors being 

collinear) to justify their linear dependence. One participant, Abraham, described linear 

independence as when the equation Ax = b has one unique solution. This notion is included in 

this category because Abraham tended to focus on the product as a linear combination of column 



vectors of A rather than on the matrix as an entity mapping x to b or as a system of linear 

equations (Larson & Zandieh, in press). Vector algebraic conceptions of linear dependence 

include when a nontrivial linear combination yields the zero vector and also the process of 

scaling one vector or taking a linear combination of vectors in order to produce a linearly 

dependent set.  

Finally, the matrix algebraic category captures participants’ explicit attention to the form or 

properties of a matrix, or on procedural operations on matrices. With respect to form or 

properties of matrices, instances in which students referenced the size or dimension of matrix 

when reasoning about span or linear (in)dependence were coded as matrix algebraic conceptions 

of span or linear (in)dependence. For instance, Giovanni’s statement of, “I mean I would see it as 

being linearly dependent because you have more columns than rows” is an example of a matrix 

algebraic conception of linear dependence because he attended to the form of the matrix (more 

columns than rows). Instances in which participants made use of matrix-oriented algorithms such 

as Gaussian elimination through elementary row operations were also coded as matrix algebraic 

conceptions. For example, Aziz stated, “If it [a 3x3 matrix] doesn't reduce to the identity then it 

means it doesn't span all of 
3
.” In fact, in our data, this was most prevalent occurrence of a 

matrix algebra conception—that is, participants’ reliance on the row-reduced echelon form of a 

matrix either equaling the identity matrix or containing a row or column of zeros. 

 

Types of Mathematical Activity 

The construct of types of mathematical activity emerged from our grounded analysis of the 

data. As we analyzed students’ understanding of span and linear (in)dependence in light of the 

concept image construct, we found ourselves continually drawn to notice the type of activity in 

which students were engaged as they responded to the interview questions. For instance, if a 

student spoke of span using a phrase such as “get everywhere,” was that student engaged in 

explaining how span related to linear independence, explaining how he thought about the 

concept of span itself, or some other activity? As such, we identified five mathematical activities 

within the interview data: defining, proving, relating, example generating, and problem solving 

(see Table 2). We contend that considering the five mathematical activities provides insight into 

a student’s understanding of a concept. We can consider these facets of a student’s interaction 

with the world based on what s/he understands a concept to be. These activities do not always 

occur in isolation. Furthermore, an activity may arise naturally based on the interview prompt or 

may occur spontaneously. Here we provide descriptions and examples of each category of 

mathematical activity. 

 

Table 2. Summary of the mathematical activity framework. 
Mathematical Activity Definition 
Defining The act of describing a concept’s essential qualities 

Proving The act of providing a justification to a claim 

Relating The act of comparing, contrasting, or explaining relationships between 

different concepts or between different interpretations of the same concept 

Example Generating The act of creating cases of certain concepts or properties (e.g., a set of three 

linearly dependent vectors in ℝ
3
) 

Problem Solving The act of engaging in some calculation or reasoning with a specific goal to 

determine a previously unknown result 

 



We use the term defining to mean the act of describing a concept’s essential qualities. During 

the interviews, students were not asked to create definitions for concepts that were new to them, 

but rather to explain their notion of a concept that had been defined during their linear algebra 

course. As such, this use of defining may be of a slightly different connotation than the 

discipline-specific practice of defining (e.g., Zandieh & Rasmussen, 2010). For example, 

Giovanni, when prompted to explain in general how he thought about span, replied, “The way 

that I think of span is just being able to reach anywhere in, like in 
3
, like in that dimension, like 

you're able to get to all points in 
3
.” Also, if students spontaneously (i.e., without prompting) 

described a concept, we coded that as a “defining” activity. An example of this is given in the 

next section, in which Justin spontaneously describes the concepts of linear independence and 

linear dependence in service of explaining how the two concepts are similar and different.  

We use the term proving to mean the act of providing a justification to a claim. This 

reasoning process may be of various levels of mathematical rigor, and it may be carried out for 

the participant’s personal conviction or to convince the interviewer. This justification may be of 

a variety of forms, such as a chain of reasoning or a coordination of more than one justification 

to support a claim. As such, we use “proving” similarly to Harel and Sowder’s (1998) use of “the 

process of proving,” which included the subprocesses of ascertaining and persuading. For 

example, in response to Question 1a in Figure 1, Giovanni states:  

That's false, because in order to have a 3 by 3 matrix that spans all of 
3
, the column vectors 

have to be linearly independent. And so that's how, basically that's the definition, so I think 

of it that way. 

In response to the same question, Aziz asserts, “The matrix A is a 3 by 3 … and since it spans all 

of 
3
, the columns, the column vectors of A are linearly independent.” As implicitly illustrated 

by this quote, the proving code is not meant to determine levels of acceptability or correctness of 

the student’s statement; rather, it is solely meant to convey when students are engaged in the 

mathematical activity of proving. 

We use the term relating to denote any participant activity that compares, contrasts, or 

explains relationships between two concepts or between different interpretations of the same 

concept. The activities of proving and relating are similar, but distinct. We distinguish between 

these activities by attending to the overarching purpose of the student’s utterance. For instance, 

participants might provide a statement of two concepts’ relationship in support of claims during a 

proving activity. In the next section, we provide an example of relating activity. The activity of 

example generating denotes when participants create cases of certain concepts or properties (e.g., 

a set of three linearly dependent vectors in 
3
). As with the other activities, this may be 

prompted by the interviewer explicitly or spontaneously done by the interviewee. Finally, the 

activity of problem solving is engaging in some calculation or reasoning with a specific goal to 

determine a previously unknown result; this is consistent with the NCTM Process Standard 

definition of problem solving (NCTM, 2000). For example, to glean more information about a 

student’s conception of span or linear (in)dependence, the interviewer occasionally would pose a 

problem about span or linear (in)dependence to a student and have him solve it. The activity of 

problem solving did not occur as frequently as the other codes within the data set; we attribute 

this to the nature of the interview questions, which were created to have students engage in 

justifying a true/false conclusion and explaining their understanding of the related concepts. 

Thus, by virtue of the interview questions, the mathematical activities of defining, proving, and 

relating were most common in the data set.  

 



Coordinated Analysis: Using the Two Frameworks 

We first illustrate, with one short section of transcript, how we made use of the two 

frameworks within our analysis. The given transcript comes from a portion of Justin’s interview 

in which he was describing the differences and similarities between linear independence and 

linear dependence:  

 

1 

2 

Justin: They're exactly the same as in it's where you can get, it's just different 

rules in how you get there, and if you can get back and whatnot.  

3 Interviewer:  Can you say some more about the difference in the rules? 

4 

5 

6 

7 

8 

9 

10 

Justin:   The difference is huge! You know, uh, the difference is that with 

independence, you can only go farther away and maybe kind of 

sideways, but you can't come back. Dependence, you can make it back 

to where you started.  

And, um, so even though I know they're not the same at all really, it's 

just they are the same because it's describing where you can get to, just 

it says different things about them. 

 

In lines 1-2, we code Justin’s discourse as the mathematical activity of relating, and the 

underlined portions indicate an image category of travel. In response to the interviewer’s inquiry 

in line 3, Justin elaborates. In line 4, Justin relates linear independence and dependence by 

saying “the difference is huge.” In lines 5-7, he then, in order to substantiate that claim, engages 

in the activity of defining. That is, he gives what, to him, is an essential quality of linear 

independence by stating, “You can only go farther away and maybe kind of sideways, but you 

can’t come back.” He then engages similarly for linear dependence, stating, “You can make it 

back to where you started.” Both of these activities of defining are marked with language 

consistent with travel imagery, as indicated by the underlined portions of lines 5-7. Finally, we 

code Justin’s discourse in lines 8-10 as relating as he concludes his explanation of the 

similarities and differences between linear independence and dependence, all which again using 

language consistent with the travel image category.  

The remainder of the results section is dedicated to three examples that illustrate how 

coordinated analyses using the two frameworks lends insight into the research results. That is, we 

consider how three participants (Abraham, Kaemon, and Aziz) engaged in Question 1a (see 

Figure 1). Each participant’s response provides a unique opportunity to observe how 

coordinating the two frameworks is useful. First, we show how Abraham’s problem solving 

activity provides insight into how he related his varied conceptions of span. We then show how 

Kaemon’s restricted conceptions of span and linear dependence possibly prevented him from 

meaningfully relating the two concepts. Finally, we describe Aziz’s process of ‘refiguring out’ 

how his notions of span and linear dependence are related through an example generating 

activity. 

Abraham. We begin by providing the first portion of transcript of Abraham’s initial 

response to Question 1a:   

 

1 

2 

3 

4 

Abraham: That would be false. Let's see. [7-sec pause] So if, the way I think of it is, 

if it, if it's spanning a 3 by 3 matrix [draws the outer brackets for a matrix], 

um, then it's going to have like, you know, three pivot positions here 

[writes three ones in on the diagonal of his matrix]. And for like a square 



5 

6 

7 

8 

9 

10 

11 

matrix, I just think like if this is three pivots in each row, then it's also 

going to be, automatically going to be 3 pivots in each column. And that 

way you're always going to have a linearly independent set of...of, um, like 

x equals something, y equals something, z equals something, because of 

that. And then that’s, so that's going to be, basically a unique solution for 

every output. So let's see, so [writes Ax = b], for every b there's a unique x 

vector.  

 

After (correctly) commenting that the given statement is false, Abraham began by writing an 

empty matrix with 1’s on the main diagonal (lines 1-4) and claimed that “if it’s spanning a 3x3 

matrix” (line 2), there would be three pivots down the diagonal. We note that Abraham did not 

directly address whether the matrix is given in this form or whether it must be manipulated to fit 

this form (via elementary row operations). He went on to claim that such a set of vectors would 

be linearly independent because the equation Ax = b has a unique solution (lines 6-11). We 

categorize these initial statements as the mathematical activity of proving. We further coded this 

as matrix algebraic because his language indicates that Abraham utilized matrix algebraic 

conceptions of span and linear independence within his justification. Later, however, while 

explaining why he drew the three 1’s down the diagonal of the matrix, Abraham said, “if it's 

spanning something, it kind of needs to, I think of it like it needs to go in every direction.” Here, 

Abraham provided an essential quality of span, so this was coded as a defining activity. Notice 

also that the language of this defining activity indicates a travel conception of span, distinct from 

his previous use of a matrix algebraic conception of span.  

The interviewer probed Abraham to further explain the connection between the 1’s and 

“going in every direction”: 

 

12 Interviewer: How is it that those 3 pivot positions allow you to do those 3 directions? 

13 

14 

15 

Abraham: I go in this direction and then I can kind of pivot up, you know to go to this 

direction … so I can kind of go any direction, based on these 3 pivots, like 

pivoting in each direction, to get to any point. 

16 

17 

18 

Interviewer: That's interesting, I like that language. So like if, say you had an example 

like, I don’t know, 3,4,5, can you explain how you would use that language 

of pivoting to get to 3,4,5? 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

Abraham: I'm, I’m saying that I could use, you know, three [writes “3<1,0,0>”] of 

that one, a linear combination of this guy [writes  “+ 4<0,1,0>”] and then 

this [writes “+ 5<0,0,1> =”]. I could write that out as a linear combination 

of 3,4,5 [writes “<3,4,5> to the right of the equals sign]. And so you can 

see, I can do that for a lot of different vectors, and so if I think of it in these 

terms, the basis vectors, that I could, you know, whatever I put here [points 

to the ‘3’ in his first vector’s scalar], is going to be at the top [points to the 

‘3’ in the <3,4,5> vector]. So I can get to any point there, I can get to any 

point there [repeats the analogous gestures for the “4” and ‘5’] and so forth 

to get to that point. 

 

Within lines 19-28, Abraham showed, for the given vector 
3

4

5

, how the columns in the 

matrix with spanning column vectors (standard basis vectors) could be used in linear 



combination “to get to that point.” In lines 23-28, Abraham alluded to being able to do this for 

any given vector. The mathematical activity within lines 23-28 is coded as problem solving 

because the vector 
3

4

5

 is a specific instantiation of a general vector in 
3
, and because Abraham 

engages in his demonstration through an algorithmic process. What is notable about this process 

is that Abraham’s actions focused on each column of the matrix as an individual vector, whereby 

he calculated a scalar multiple for each vector so that the resulting linear combination would 

yield the vector 
3

4

5

. That is, Abraham’s focus shifted from matrix algebraic and travel 

conceptions of span (in lines 1-11) to a vector algebraic conception of span, within which his 

actions were oriented around linear combinations of vectors (lines 19-28).  

Through the problem solving activity, Abraham demonstrated relationships between his 

travel and matrix algebraic conceptions of span. This could be thought of as a “meta-relating” 

activity, within which – although the immediate purpose of his work was to solve a closed-ended 

problem – Abraham used a linear combination of vectors to relate how the matrix with spanning 

column vectors (his matrix algebraic conception of span) indeed reaches everywhere in 
3
 (his 

travel conception of span). We can view this as Abraham’s active coordination of his many 

conceptions of span, in which the various parts of his understanding come together to produce a 

meaningful (to Abraham) way for him to think about what it means for vectors to span a vector 

space. Thus, by using the dual framework to consider Abraham’s engagement in this specific 

mathematical problem, the researchers gained deeper insight into his conceptions of span and 

linear independence than when merely stating an essential quality – an insight into how he 

operationally coordinated his own varied understanding. 

Kaemon. In his initial response to Question 1a, Kaemon said the following:  

 

1 

2 

3 

4 

5 

6 

 

Kaemon: Ok. [6-sec pause] Uh, I say that this is false because the key is that it's 3 

by 3 and it’s, it says you know that the columns of A span 
3
, so, um, like 

the minimal amount of vectors you could have to span 
3
 is at least three. 

But if it's linearly dependent, then there wouldn't be enough vectors, 

because at least two of them are going to be maybe multiples of each other 

or just the zero vector. So that's why I say it is false. 

Kaemon engaged in this proving activity using a matrix algebraic conception of span (focusing 

on the size of the matrix, lines 1-3) and a vector algebraic conception of linear dependence (how 

individual vectors relate to each other, lines 4-6). The interviewer then asked Kaemon to 

generate an example of a matrix with linearly dependent column vectors, to which he responded 

with the matrix 
1 2 0

1 2 0

1 2 0

. This example generating activity shows Kaemon attended to the 

relationships between the individual vectors, also indicating a vector algebraic conception of 

linear dependence. When asked to explain why these columns vectors are linearly dependent, 

Kaemon stated that these vectors are “all on the same line” and added, “they won't be able to 

span, it's dependent.” This first statement shows that Kaemon is attending to a geometric 

conception of linear dependence when discussing the example he generated. The second 



statement is coded as relating activity, although there is no clear indication of what conception of 

span and linear dependence Kaemon is attending to when stating this relationship. 

 The interviewer then asked Kaemon to define span, prompting the following dialogue: 

 

7 

8 

9 

10 

Kaemon: I think span is, I think it's all the possible linear combinations of the matrix. 

So since it's, like you're on this one line, you can't really get all the 

combinations that are in these quadrants [moves pen around the coordinate 

system], so that's how I think of it. 

11 

12 

13 

Interviewer: Ok. So you just said a second ago the way you think of span is all of the 

linear combinations of the columns? That's good. Um, how do you think 

about linear dependence in general? 

14 

15 

16 

17 

18 

19 

Kaemon: Um, dependence for me is just, first I just try to look with, if there's a 

matrix to see if it's, like, if it's already reduced, then I see if there's a 

variable, or I see that they're multiples, that they're 0 vector, just something 

to show it's dependent. And then if I can't find that, like, right away, then 

maybe I'll try to then, I don’t know, try to reduce it, whatever, just until I 

could figure it out. 

 

We categorize lines 7-10 as defining activity indicative of a vector algebraic conception of span. 

This is a slight shift from Kaemon’s earlier focus on the dimensions of the matrix (taken to mean 

height and width of an array, not necessarily the formal, vector algebraic dimension, lines 1-2). 

This dialogue also indicates a shift from vector algebraic and geometric conceptions of linear 

dependence to a matrix algebraic conception, because his focus changed from scalar multiples of 

vectors to the row-reduced echelon form of a matrix. Notice, though, that part of Kaemon’s 

defining activity explicitly addresses scalar multiples of column vectors, as well as the presence 

of a zero vector, but necessarily requires the elementary row operations involved in row 

reduction before considering vector algebraic relationships between the column vectors. Kaemon 

similarly defined linear independence in the context of a row-reduced matrix. We note here that 

this definition of linear dependence (and hence linear independence) is restricted to a single 

algorithm carried out on a specific, given matrix.  

In Kaemon’s initial response (lines 1-6), he correctly answered that the statement in Question 

1a was false, but he never explicitly stated or demonstrated a relationship between the concepts 

of span and linear independence. We notice that Kaemon had multiple conceptions of span and 

linear (in)dependence but failed (at least during the interview) to meaningfully coordinate these 

conceptions through any of his mathematical activity. We attribute part of this limited ability to 

relate the two concepts to Kaemon’s matrix algebraic conceptions of linear independence and 

linear dependence. Specifically, Kaemon’s definition of each concept necessitated a given matrix 

upon which he could carry out the elementary row operations. We note here that Kaemon alluded 

to, but never engaged in, problem solving activity, which may have provided deeper insight into 

how he might have coordinated his conceptions (as in Abraham’s case). Also, consider 

Kaemon’s conceptions of linear dependence: collinearity when discussed geometrically, scalar 

dependence when discussed vector algebraically, and inclusion of the zero vector in a row-

reduced matrix when discussed matrix algebraically. These are restricted forms of the 

mathematical definition, for instance, neglecting coplanarity and its higher dimensional 

analogues or restricting the context to a problem-solving situation, dependent on the row 

reduction algorithm.  



Aziz. In our discussion of Aziz, rather than concentrating on his response to Question 1a, we 

focus on a specific episode wherein he established a relationship between linear dependence and 

span. Aziz described a specific type of linear dependence in which “two, three completely 

different matrices (sic) that are not in combinations of each other, but they combine in a way to 

equal zero.” He was contrasting this type of linear dependence with an earlier example he had 

generated that contained three vectors, two of which were collinear. Formally, Aziz is trying to 

generate a set of three coplanar vectors in 
3
, none of which is pair-wise collinear with another. 

Aziz then engaged in the following example generating activity:  

 

1 

2 

Aziz: So C equals say 2,2,2; this is 1,2,3. And then, you know, I don't know 

how to calculate it right now. 

3 Interviewer:  Ok. What would you, just off the top of your head, what would you do— 

4 

5 

6 

7 

Aziz: 

Interviewer: 

Aziz:   

2, 2v, 2v1 + v2 - v3 = 0.  

Hmm. Ok I— 

So that way you can move one away on one vector, second way and then 

take the third one back to the origin. 

 

Initially, Aziz attempted to generate specific column vectors in 
3
 but stalled (lines 1-2). He 

then attempted to describe what such a linear combination would be, but he was unable to use 

this algebraic representation with the first two vectors he had produced to generate the third 

vector. Throughout this example generating activity, Aziz’s discussion focused on linear 

combinations of vectors, first representing them as columns in a 3x3 matrix, and then writing 

them as the abstract vectors v1, v2, and v3. This indicates a vector algebraic conception of linear 

dependence under two different representations. Aziz then used travel language to describe the 

linear combination (lines 6-7), indicating a travel conception of linear dependence. He followed 

up this activity with a geometric representation of this travel conception of span (Figure 3). We 

note that this is not explicitly a geometric conception of linear dependence, which would use 

geometric representations of vectors but would not use the travel language of movement.  

 

  
Figure 3. Aziz’s geometric representation of three linearly dependent vectors. 

 

When asked whether these vectors span 
3
, Aziz was perturbed (lines 8-10). Aziz’s 

mathematical activity shifts here from example generating to relating activity (lines 14-15) and 

proving activity (13-14). He outlined a seeming contradiction, which we reorder and paraphrase 

for clarification: vectors that span 
3
 “move in three different directions” (9-10), a set of linearly 

dependent vectors does not span 
3
 (14-15), and this example shows vectors that “move in three 

different directions and get back to the origin [are linearly dependent]” (12-14). Notice that the 

second of these statements is possibly false if the set under consideration contains more vectors 

than the dimension of the vector space. 

 



8 

9 

10 

Aziz: They're linearly dependent. Um...that's a problem I always thought, 

because if it’s they move in 3 different directions, they should technically 

span 
3
, but I never got clarification on that.  

11 Interviewer:  Say a little bit more about what's confusing to you about that? 

12 

13 

14 

15 

Aziz: 

 

Because if they uh, they move different directions from each other,  

[Interviewer: Hm-mm] but they're linearly dependent, because you can 

use a combination of all 3 to get back to the origin. So linear dependence 

means it doesn't span all of 
n
. Right? 

 

Aziz made sense of this seeming contradiction by pointing out that the linearly dependent vectors 

he generated move three different directions on the same plane and not outside of that plane. 

Drawing a distinction between two ways of “moving in three directions,” Aziz was able to 

reason that his generated vectors did not span 
3
. In this episode, Aziz began with an example 

generating activity that utilized a vector algebraic conception of span. After shifting his example 

generating activity to draw on a travel conception of linear dependence, Aziz was perturbed by a 

seeming contradiction to a relationship he held between linear dependence and span. Finally, 

Aziz made sense of this contradiction through his proving activity that drew upon a travel 

conception of each. 

 

Conclusion 

This paper describes our work in categorizing students’ concept images of span and linear 

(in)dependence and our use of the construct of mathematical activity to provide insight into these 

conceptions. We note that the concept image categories that arose may be an artifact of the type 

of instruction and curriculum that these students experienced; as such, we would expect that with 

different data sources (such as whole class discussion rather than individual interview data) or 

different participants (such as students from a more advanced, proof-based linear algebra course), 

additional or alternative categories for student conceptions would arise from the data. We also 

note that the five types of mathematical activity within our framework—defining, proving, 

relating, example generating, and problem solving—are not meant to be exhaustive; rather, these 

five activities were determined from analysis of this small data set. Analysis of classroom data or 

problem-solving interviews, for instance, would likely give rise to additional types of 

mathematical activity. As such, our future work involves a further examination and refinement of 

the framework of mathematical activity as a way to gain insight into students’ conceptions of 

mathematical ideas. In addition, we also plan to examine additional data (e.g., classroom video 

data at the whole-class and small-group level, mid-semester interviews) of these same five 

students to gain a more complete analysis of their understanding.  

This being said, we have found the coordination of the two frameworks to provide deeper, 

richer descriptions of student’s conceptions of linear (in)dependence and span that would not 

have been possible through only one of the frameworks. Specifically, our results utilizing these 

frameworks have shown how students’ engagement in different activities provides useful 

descriptions of the varied facets of the students’ conceptions. For instance, Abraham’s defining 

and proving activity, while mathematically appropriate and sound, did not provide insight into 

how he coordinated his varied conceptions of span. It was not until his problem solving activity 

that he demonstrated his deeper understanding of span – more precisely, until he was able to 

coordinate his matrix algebraic and travel conceptions of span. Similarly, Kaemon’s defining 

activity demonstrated a restricted understanding of linear independence and linear dependence – 



restricted in the sense that his understanding of the concepts depended on a specific context in 

which he could perform an algorithm to test for a specific trait in the row-reduced matrix. 

Without Kaemon engaging in such problem solving activity during the interview, we are unable 

to determine if his conceptions of linear independence and linear dependence are informed by 

more meaningful connections (as we saw with Abraham).  

Generally, for each of our participants, a given participant utilized different conceptions 

when engaging in different activities. This is distinct from the notion of using different 

representations (e.g., vectors as arrows, n-tuples, or abstract v) in different activities. For 

instance, Aziz used n-tuple and abstract representations with his vector algebraic conception of 

linear dependence, but he used a geometric representation with his travel conception of linear 

dependence – all of which occurred during example generating activity. Further, it was not until 

Aziz represented linear dependence geometrically while utilizing his travel conceptions of span 

and linear dependence that he was able to discover and make sense of a seeming contradiction of 

his perceived understanding of the relationship between the two concepts. From this, we see that 

the activity framework extends the focus of research that examines students’ conceptions into 

activities other than defining.  

Given the power that a coordinated analysis has provided within this initial small data set, we 

have begun research that further explores this framework. In particular, we designed a new 

interview protocol for semi-structured individual interviews that is composed of tasks that (a) 

purposefully aim to engage students in the five various mathematical activities, and (b) make use 

of a variety of vector representations (e.g., arrows, specific vectors in 
2
 and 

3
, or abstract 

vectors such as v and w). The mathematical content of the interview protocol focuses on student 

understanding of span, linear (in)dependence, and relationships between the two concepts. As 

such, Question 1a (analyzed in this paper) is included in the new interview protocol. We 

conducted interviews with seven, first-year, honors STEM majors, and the analysis of these data 

is ongoing.  
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