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In this study, we present preliminary findings regarding student understanding of linear 
independence of vector-valued functions. Students were given a series of homework 
questionnaires and participated in individual and paired interviews. The researchers used 
grounded theory to categorize student approaches for determining linear (in)dependence of 
functions. In order to gain insight into students’ intuitive notions, data were collected before any 
formal instruction about the definition of linear independence of functions. The researchers 
describe initial analyses of student approaches, conjecturing their treatment of vector-valued 
functions at specific t-values or for varying t as a potentially beneficial lens of analysis. Students 
who evaluated specific t-values determined the linear independence of a set of vectors in 2 
rather than the linear independence of the set of functions, themselves elements of a function 
space. The analytical construct of process/object pairs (Sfard, 1991) could be a useful lens to 
explore this distinction. 
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Linear algebra and differential equations are important courses for mathematics and 
engineering students, and research shows that students tend to struggle with these courses (e.g., 
Dorier, 2000; Rasmussen, 2001). While research often focuses on student understanding of the 
mathematics in one of these courses, many topics (basis, Eigen theory, etc.) are integral to both. 
The focus of this study is how students make sense of linear independence of vector-valued 
functions, a concept common in linear algebra and differential equations. We focus on students’ 
written responses regarding whether a given set of three functions from  to 2 is linearly 
independent, as well as two students’ discussion of a similar question during a paired interview. 
These were intentionally given to students before formal instruction on linear independence of 
functions to reflect their initial notions of how linear independence might extend to functions. 
We describe initial analyses of student approaches, conjecturing their treatment of vector-valued 
functions at specific t-values or for varying t as a potentially beneficial lens of analysis. We close 
by addressing implications for teaching and by soliciting directions for future analysis and work.  
 

Background and Literature 
While a growing body of literature exists about student understanding of linear independence 

of vectors in ℝ! (e.g., Wawro & Plaxco, 2013; Bogomolny, 2007; Stewart & Thomas, 2010; 
Trigueros & Possani, 2011), we had difficulty finding empirical studies that report on student 
understanding of linearly independence of functions. In one report, however, Harel (2000) 
contended that a reason students have difficulty determining if the set 𝐴 = 𝑥, 𝑥!, 𝑥!, 𝑥!  is 
linearly independent is that the “students have not formed the concept of function as a 
mathematical object, as an entity in a vector space” (p. 181). Considering the definition of linear 
independence for vector-valued functions (see Figure 1), one can imagine that determining if 
there exists nonzero scalars that satisfy 𝑎!𝑓!(𝑡)+  𝑎!𝑓!(𝑡)+…+  𝑎!𝑓!(𝑡) = 0 for all t in I is a 
conceptual leap from determining if there exists nonzero scalars that satisfy 
𝑎!𝒗! + 𝑎!𝒗!+…+  𝑎!𝒗! = 0 for “nonvarying” vectors 𝒗! in ℝ!. Indeed, our preliminary results 



are consistent with Harel’s contention that student difficulty may rise from their struggle in 
treating the functions as objects in a vector space.  

Instructors often show students the Wronskian when addressing ordinary differential 
equations because it provides an easy way to check if the solution functions are linearly 
independent on an interval. Although the Wronskian is a convenient tool, its use does not 
necessarily deepen students’ understanding of linear independence of functions. Indeed, through 
personal communication, several differential equations instructors have expressed concern over 
students’ insufficient understanding of linear independence of functions. This study strives to 
advance what is known in this area and inform subsequent pedagogical recommendations. 

 
Let 𝑓!:  𝐼 = (𝑎, 𝑏) → ℝ!, 𝑖 = 1,2,… , 𝑛. The functions 𝑓!, 𝑓!,… , 𝑓!are linearly independent on I if 
𝑎! = 0  (𝑖 = 1,2,… , 𝑛) is the only solution to 𝑎!𝑓!(𝑡)+  𝑎!𝑓!(𝑡)+…+  𝑎!𝑓!(𝑡) = 0 for all 𝑡 ∈ 𝐼. 

Figure 1. Definition of linear independence of vector-valued functions. 
 

Methods 
Data were collected during the Fall 2012 semester in a course focused on core concepts in 

linear algebra and differential equations. Most students were first year, engineering or 
mathematics majors, and had scored a 4 or 5 on the Advanced Placement Calculus BC exam. 
Data sources included written work and video recordings of semi-structured individual and 
pairwise problem-solving interviews (Bernard, 1988). The written work was selected take-home 
questionnaires. The interviews were conducted at the midpoint and end of the semester. The key 
data sources for students’ understanding of linear independence of vector-valued functions are 
the 4th and 5th questionnaires, the pairwise interview, and the second individual interview (see 
Figure 2). The questionnaires and pairwise interview occurred prior to students’ encounter with 
the formal definition of linear independence of functions. We present preliminary analysis of 
Questions 2-3 (see Figure 2) in this proposal; analysis of Questions 1 and 4-7 is ongoing.  

We used grounded theory (Strauss & Corbin, 1990) to iteratively analyze student responses 
to Question 2. We first described students’ algebraic approaches and if they answered “linearly 
independent” (the correct answer), “linearly dependent,” or something else. Descriptions were 
then iteratively compared for similarities and differences and grouped accordingly. This axial 
coding resulted in four categories of student approaches. Concurrently, we analyzed a pair’s 
response to Question 3. We transcribed their interaction, watched the video, read the transcript, 
and drew quotes that helped support a base set of hypotheses about student thinking regarding 
linear independence of functions. The data from the paired interview (students discussing 
difficulties with each other, stating how they disagreed, etc.), which served as a counterpoint to 
the written data for Question 2, provided initial ideas of nuance regarding student thinking that 
the written data did not provide. This analysis informs our ongoing process of selectively coding 
(Strauss & Corbin, 1990) students’ responses to Questions 1 and 4-7 (see Figure 2). 

 
Preliminary Results 

Twenty-four students’ responses to Question 2 were sorted into four categories: Fix t First, 
Focus on Scalars, Function Combination, and Previous Rule (see Table 1). Initial analysis of the 
paired interview response to Question 3 provides insight into issues with linear independence of 
functions, namely, the difficulty in interpreting results of functions evaluated at specific t values.  

Eight students’ work indicated they approached Question 2 by evaluating the functions at 
specific values of t and comparing the resulting real-valued vectors; we categorize these 



approaches as “Fix t First.” Six students using this approach concluded that the functions were 
linearly dependent because the image vectors were linearly dependent in 2, and two incorrectly 
determined that the image vectors were linearly independent in 2 (a correct response but with 
incorrect reasoning). Mathematically, all of the “Fix t first” solutions are incorrect because the 
students answered a different question than was posed. They drew conclusions about a set of 
vectors in 2 rather than about a set of functions in a function space.  

 
Question from written homework questionnaire 4:  

1. Consider the functions 𝐹 𝑡 = 2
1  and 𝐺 𝑡 = sin 𝑡

0  with 𝐹:  ℝ → ℝ! and 𝐺:  ℝ → ℝ!.  Would you say 
these functions are linearly dependent for all 𝑡 ∈ ℝ? Explain. 

Question from written homework questionnaire 5:  

2. “Consider the functions 𝐹 𝑡 = 𝑡
1 ,𝐺 𝑡 = 𝑡!

2
, and  𝐻 𝑡 = 𝑡!

0
 with F: "2, G: "2, and H: 

"2. Would you say these functions are linearly dependent for all t ∈? Explain your reasoning.”  
Question from pairwise interview:  

3. “Consider the functions 𝐹 𝑡 = 2
1 ,𝐺 𝑡 = sin  𝑡

0  with F: "2 and G: "2. Would you say these 

functions are linearly dependent or independent for all t ∈? Explain.” 
Questions from end-of-semester individual interviews  

4. Consider the functions 𝑦! 𝑡 = 𝑒!! 14  and 𝑦! 𝑡 = 𝑒!! 11 .  Are these functions are linearly independent 
for all 𝑡 ∈ ℝ? Explain. 

5. Consider the functions 𝐹 𝑡 = cos!(𝑡)
1

, 𝐺 𝑡 = sin!(𝑡)
0

, and 𝐻 𝑡 = 2
2  with 𝐹:  ℝ → ℝ! and 

𝐺:  ℝ → ℝ!, and 𝐻:  ℝ → ℝ!.  Are these functions are linearly independent for all 𝑡 ∈ ℝ? Explain. 
6. Consider the functions 𝐹 𝑡 = 𝑡

1 , 𝐺 𝑡 = 𝑡!
2

, and 𝐻 𝑡 = 𝑡!
0

 with 𝐹:  ℝ → ℝ! and 𝐺:  ℝ → ℝ!, and 

𝐻:  ℝ → ℝ!.  Are these functions are linearly independent for all 𝑡 ∈ ℝ? Explain. 
7. I think about linear independence of vector-valued functions the same way I think about linear 

independence of real-valued vectors. 
(Not at all)   1        2          3         4                  5  (Very much) 

Figure 2. Questions relevant to linear independence of vector-valued functions. 
 

Seven students’ work indicates that they focused primarily on the parameter scalars in the 
homogeneous vector equation (or corresponding system of equations), coded as “Focus on 
Scalars.” Two of these students concluded that the set of functions was linearly independent, two 
concluded linearly dependent, two concluded linearly dependent for some values of t and linearly 
independent for others, and one could not draw a conclusion. While, overall, responses for this 
group were diverse, the common quality was that they focused on algebraic manipulation on the 
homogeneous equation with three scalar parameters (e.g., a, b, and c) and one variable, t. In most 
of these solutions, the student used the second components of the functions (or the second 
equation in the corresponding system) to eliminate one of the first two parameters and then re-
wrote the first row (or first equation) to determine some relationship between the functions. 
None of these students evaluated the functions for a specific t-value but instead focused on the 
relationships that must hold true given a set of scalars that satisfy the homogeneous equation.  

Six students provided solutions that are coded as “Function Combination.” These students 
focused on whether t and t2 could be combined to result in t3, hence the name “Function 
Combination,” and they all correctly concluded that the set of functions was linearly 
independent. Three of these students phrased their response as a relationship between vectors 



(written either verbally or algebraically), and the other three students phrased their response in 
terms of powers of t, that is, the first equation from the homogeneous system. Finally, three 
students’ work was coded as a “Previous Rule” response. All three of these students stated that 
the set contained three vectors in 2 and, so, was linearly dependent. Note that given the set is a 
subset of the function space that contains functions from  to 2, not the vector space 2. 

 
Table 1: Categories of Student Responses to the Question 2.	  

 Description Example 

Fix t First 

Students evaluated the functions at one 
or more fixed value of t. Most then 
evaluated if the resulting real-valued 
vectors were LI or LD. 

 

Focus on 
Scalars 

Students carried out algebraic 
manipulations on the homogeneous 
vector equation (or related system of 
equations) without evaluating for 
specific t-values. They typically 
interpreted the results of their algebraic 
work by fixing the set of parameters 
and considering which/how many 
values of t satisfied the equation. 

“It is LI at some values of t for a given a set of values a, b, 
and c but not at others” 

“No, because for any a1, a2, a3, there exists a time t when the 
vectors are linearly independent, except for the zero vector.” 

“There are plenty of t's where aF + bG + cH ≠ 0 with the 
required values of a and b” 

Function 
Combination 

Students seem to attend to linear 
combinations of t, t2, and t3 of a 
variable t that is not constant. These 
students did not evaluate the functions 
for specific t-values. 

“Can't change degree of t with scalar constants.” 
“No linear combination of t and t2 will ever yield t3, so they 
are LI.” 
“No because there is no way you can get one of the other 
vectors from a l.c. of the others. The only solution to a1F(t) 
+ a2G(t) + a3H(t) = 0 is ai = 0, i = 1, 2, 3” 

Previous 
Rule 

Students relied on rules or 
generalizations about vectors in 
Euclidean spaces to determine linear 
(in)dependence of the set of functions. 

“The set of equations would be L.D. because it has 3 
components in R2.” 
“Yes, F(t), G(t), and H(t) are LD b/c there are three vectors 
in R2.” 

 
In the paired interview, Jordan noted that the second components of the functions in Question 

3 (Figure 2) required the scalar of the first function to be zero, but allowed the second scalar to 
be any real number. He then said that, because sin(t) is periodically zero, the second function 
was equal to the zero vector for some values of t – and so the vectors would be linearly 
dependent at those values of t. From this Jordan and Carter debated whether this meant that the 
functions were linearly dependent for all real values of t, or only at those specific values of t. 
Carter stated he needed a better understanding of what linear independence meant with respect to 
functions, pointing out that it might not be the case that “vectors being linearly dependent at 
some values” necessarily meant “linearly dependent at all values of t.” Jordan, on the other hand, 
argued that linear dependence at any point in the interval meant that the vectors were linearly 
dependent on the entire interval. Later, when asked if they thought the functions were linearly 
dependent, the students responded simultaneously – Jordan, “Yes.” and Carter, “No.” 
 

 
 



Discussion 
In students’ transition from linear independence of vectors in n to linear independence of 

functions in function spaces, we notice students’ tendency to focus on specific t-values and 
consequently draw conclusions about vectors in 2 rather than about functions. The students 
whose work was coded as “Fix t First” drew conclusions about sets of vectors corresponding to 
specific t-values. Similarly, during the paired interview, Jordan focused on values of t for which 
the second function equaled the zero vector. While the sets of output vectors could be found to 
have a nontrivial solution to the homogeneous vector equation at specific t-values, the solutions 
to the homogeneous equation varied with t. All work coded “Function Combination” focused on 
the fact that no constant scalars could change the exponents of t, t2, and t3. To draw inferences 
about students’ understanding of linear independence, we attend to the object on which a student 
acts. Students who evaluated specific t-values determined the linear independence of vectors in 
2 while the “Function Combination” students likely considered the linear independence of the 
functions themselves. We hypothesize that the analytical construct of process/object pairs (e.g., 
Sfard, 1991; Zandieh, 2000) could be a useful lens to explore this distinction. For instance, 
realizing that “no constant scalars could change the exponents of t, t2, and t3” indicates at least a 
pseudo-object view of function. This highlights a need for students to begin to think of such 
functions as objects. Within a function space, linear independence may be defined (equivalent to 
the definition in Figure 1) according to a homogeneous equation in which the “zero” is the zero 
function rather than the zero vector. This indicates a need to modify the way that vector-valued 
functions are typically discussed during instruction so that functions may be viewed as an 
extension of the students’ previous notions of linear independence to a new type of vector space.  

In the talk, we will share updated analysis of Questions 1-7, teaching implications, and ask: 
1. How could we explore hypotheses about student understanding of function and of formal 

logic accounting for difficulties with the definition of linear independence of functions? 
2. Is the process-object lens fruitful / appropriate for categorizing student understanding of 

linear independence for real-valued vectors and for vector-valued functions?  
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